Sample Question (Ph.D Admission Test: 2021)

All the questions carry equal marks.
Group A

Basic Algebra

1. (a) Consider the polynomial z° + az* + bx?® + cx? + dx + 4 where
a,b,c,d are real numbers. If (1 4 2i) and (3 — 2i) are two roots
of this polynomial then determine the value of a.

(b) Determine the number of real roots of the equation
2
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(c) If (1 +2)" = Cp + Crx + Cox® + ... + Cpa™, n being a positive
integer, then determine the value of
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2. (a) Determine the number of solutions in 1 < z < 315 to the follow-
ing system of congruent equations:

r=2 mod15, x=1 mod 21.
(b) Find a basis for the following subspace of R*:
{($1,1‘2,$3,$4) 1+ xeo+x3+3r4=0,21+29 — 223+ 14 = 0}.

Argue whether it is possible to compute the dimension of the
above subspace without explicitly finding a basis? Justify your
answer.

(¢) Consider the following system of equations over a field F.

aix+by =

asx + by = c2,

where aq,as,b1,bs,c1,c0 € F. State the conditions for which
the above system of equations has (i) no solution, (ii) a unique
solution, and (iii) more than one solution.



3.

(a)

Let G be the group {£1, +i} with multiplication of complex num-
bers as composition. Let H be the quotient group Z/47Z. Then
determine the number of non-trivial group homomorphisms from

H to G.

Let G be the set of all real 2 x 2 matrices of the form <8 Z)

where a # 0 and d # 0. (i) Show thatG forms a group under
matrix multiplication. (ii) Show that H = {<(1) l{) :b e R}
is a normal subgroup of G. (iii) Show that G/H is an abelian

group.

Let S, be the group of all permutations of {1,...,n} under com-

position. Let
(1 23 456
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be an element of Sg. (i) Find the order of the cyclic subgroup
generated by o. (ii) Find the minimum n such that S,, contains
a cyclic subgroup of order 30. Justify your answer. (iii) Let S be
a cyclic group of order 6. Show that S has a unique subgroup of
order 3. (iv) Let S be a finite cyclic group and K be a subgroup
of S oforder m. Show that an element a € S is an element of K
ifand only if a™ = e.

Let G be the group of non-zero complex numbers under multipli-
cation and let NV be the set of complex numbers of absolute value
1 (ie., a +bi € N if a®> + b*> = 1). Show that G//N is isomorphic
to the group of all positive real numbers under multiplication.

Let G be a group such that (ab)? = aPb? for all a,b € G, where p
is a prime number. Let

S ={x € G:aP" = e for some m depending on z}.

Prove that S is a normal subgroup of G. If G = G/S and 7 € G
is such that 7 =€, then * = e.

Let G be the group of all 2 x 2 matrices where a, b, c,d

b

d )
are integers modulo p, p is a prime such that ad — bc # 0. Prove
that G forms a group under matrix multiplication. Assuming

H:{(Z Z) €G|adbc:1},ﬁndo(H).



Linear Algebra

(a) Let A1, A2, A3 denote the eigenvalue of the matrix

1 0 0
0 cost sint
0 —sint cost

If A\{ + A2+ A3 = V2 + 1, then determine the set of values of t.
(b) Let ©® = 27/67. Consider the following matrix
s < cos © sin@>

—sin® cos®
Then determine the matrix A0,

(a) Let A and B be two n X n symmetric matrices such that AB =
BA. Show that if £ # 0 is an eigenvector of A and Bz # 0,
then Bz is also an eigenvector of A corresponding to the same
eigenvalue.

(b) Let B be a non-singular matrix. Prove that A is an eigenvalue of
B if and only if A~! is an eigenvalue of B~

(a) If rank(A) = rank(A4?), then show that {z : Av = 0} = {x :
A%z = 0}.

(b) Let A be an n x n symmetric matrix and let ly,lo,...,l45 be
(r + s) linearly independent n x 1 vectors such that for all n x 1
vectors z, 2TAz = ({Jz)? + ...+ (IF2)* — (I 2)* — ... — (T ,2)2.

Prove that rank(A) = r + s.

(a) Let V denote the vector space R. Suppose V — R" is a function
satisfying

e f(vi,...,v,) =0 whenever v; = v; for some i # j
[ f(vl,vg, ey V1,0V, Vit 1y - - - ,Un) = Oéf(Ul, V2y ooy UVi—1,Vi5Vj415- -
[ ] f(’t)l,’t)g, .. .,vi_l,vi—i—ui,viﬂ, N ,’Un) = f(vl,vg, ooy Vi—1,V55 U4 1y - - -
f(Ul,UQ, ey U1, Uiy Vjg1y v vy ’Un)
e f(e1,...,en) =1 where e; is i-th unit vector.
where o € R and u; € R™. Show that for any n x n matrix A,
whose columns are v1,...,v,, f(vi,...,v,) = det(A).

(b) If T is an injective homomorphism of a finite dimensional vector
space V onto a vector space W, prove that T maps a basis of V'
onto a basis of W.



1.

3.

(a)

(b)

(a)

Discrete Mathematics

There are n students in a class. The students have formed k
committees. Each committee consists of more than half of the
students. Show that there is at least one student who is a member
of more than half of the committees.

Alice and Bob alternately choose numbers from among 1,2,--- ,9,
without replacement. The first to obtain 3 numbers which sum to
15 wins. Does Alice (the first to play) have a winning strategy?

N tigers and one sheep are put on a magic island that only has
grass. Tigers can live on grass, but they want to eat sheep. If
a tiger bites the sheep then it will become a sheep itself. If 2
tigers attack a sheep, only the first tiger to bite converts into a
sheep. Tigers don’t mind being a sheep, but they have a risk of
getting eaten by another tiger. All tigers are intelligent and want
to survive. Will the sheep survive?

Consider six distinct points in a plane. Let m and M denote
respectively the minimum and the maximum distance between
any pair of points. Show that M/m > /3.

You are kept in a prison consisting of n? cells arranged like the
squares of an n x n chessboard. There are doors between all
adjoining cells. You are in one of the corner cells and it is told
that you can get out of the prison provided you can get into the
diagonally opposite corner cell after passing through every other
cell exactly once. Can you obtain freedom?

Inspector Bob has to put some criminals in cells of the prison.
The criminals are notorious and can beat one another to death.
If any criminal dies inside the cell, then the inspector will lose
his job. In this scenario, the inspector thought of putting each
criminal in a cell. But, his boss wants it to be done using the
minimum number of cells. The only saving grace for the inspector
is that the criminals fight according to the following pattern: (i)
a criminal does not beat himself, (ii) if a criminal C; does not
beat a criminal Cy, and criminal Cy does not beat criminal Cg,
then criminal C; does not beat criminal C3 and vice-versa. Help
the inspector by solving this problem efficiently.

4. We define a set S C N, such that |S| is finite, to be “crazy” if |S| € S.

How many subsets of {1,2,...,n} are there that are minimal crazy



sets (minimality is defined in the sense that subsets that are crazy and
do not properly contain any other crazy set). E.g., for a set {1,2,3},
the minimal crazy sets are {1} and {2, 3}.

5. When n couples arrived at a party, they were greeted by the host and
hostess at the door. After rounds of handshaking, the host asked the
guests as well as his wife (the hostess) to indicate the number of hands
each of them had shaken. He got 2n + 1 different answers. Given that
no one shook hands with his or her spouse, how many hands had the
hostess shaken?

6. (a) Consider an m x n integer lattice. A path from (0,0) to (m,n)
can use steps of (1,0),(0,1) or diagonal steps (1,1). Find the
number of such distinct paths.

(b) Consider a building having a staircase with n stairs. In how many
ways can a person climb the staircase, if she can climb by 1 or by
2 stairs in each step? Find out a closed form expressionin terms
of n.

7. (a) Suppose there are n? + 1 distinct numbers. Then, prove that
there is either an increasing or decreasing subsequence of length
n+1.

(b) Prove that if n? + 1 points are placed in an equilateral triangle
(the region inside as well as the perimeter) of side length 1, then
there are two points whose distance is at most 1/n.

8. (a) A function f :{0,1}" — {0, 1} is called self-dual if f(x1,x2,...,2,) =
f(@1,@3,...,%y), for all x1,x9,...,z,, where T; is complement of
the bit x;. Compute the number of self dual functions that are
present over n tuples.

(b) A 4x4 S-box is a permutation that takes 4-bit input and produces
a 4-bit output. An S-box is called good if the S-box contains no
fixed points (i.e. Vo € {0,1}%, S(x) # x). Count the number of
4 x 4 good S-boxes.



Elementary Probability

1. (a) Given a biased coin with probability of head being p # 1/2, how
can you generate a uniformly random bit string (i.e., you need to

prove that the probability of each bit being 0 or 1 is 1/2).
(b) Let us consider a seqeunce Y = (Y7,...,Y;) of independent, and
identically distributed uniform random variables over {0,1}". Let

L be the following matrix of dimension m x ¢ with rank r

aip a2 - Qg
- |21 ax o Gy
aml Am2 - OGmgq
such that each a;; € {0,1}". For any vector ¢ = (c1,...,¢m) €
({0,1}™)™, find the value of
Pri£- YT =cT].

2. (a) Consider an one-dimensional X axis of length w units, i.e. the
starting co-ordinate is (0,0) and the end co-ordinate is (w,0). A
drunk guy is placed on the island at location (n,0) where n < w.
He then randomly walks on the island along the X-axis: at each
step, he either moves to the left or to the right from its current
position each with probability 1/2. If he stands either on the
location (0,0) or on the location (w,0), then he will immediately
falls off. Can he surive?

(b) Consider the above problem with X-axis is infinitely extended to
the right direction and the drunk guy is placed at location (1,0).
Then what is the probability that he will survive ?

(c) Compute the expected lifespan of the drunk guy when he is placed
at location (1,0) on the infinitely right extended X-axis.

3. A line of 100 airline passengers is waiting to board a plane. They each
hold a ticket to one of the 100 seats on that flight (for convenience,
lets say that the nth passenger in line has a ticket for the seat number
n). Unfortunately, the first person in line is crazy, and will ignore the
seat number on his ticket, picking a random seat to occupy. All of
the other passengers are quite normal, and will go to their proper seat
unless it is already occupied. if it is occupied, they will then find a free
seat to sit in, at random. What is the probability that the i*" person
to board the plane will sit in his proper seat?



1.

(a)

(b)

(a)
(b)

(a)

Basic Number Theory

The general of a battelion A, let G 4, wants to inform the number
of soldiers he has to the general of battelion B, let Gg. But
G 4 also wants to make sure that the enemy should not know the
number of soldiers he has. For this, G 4 came up with an idea. He
asks his soldiers to line up in in rows of 11, then in rows of 17, 29,
and 31. Respectively, each time, he noted down with remainder
8,5,16, and 24. G 4 passes the information (8,11), (5,17), (16, 29)
and (24,31). Can you say whether G can deduce the number of
soldiers GG 4 has from the passed on information. If yes, then how
many soldiers G 4 has?

For every m € Z*, we define a set I,,, = {0,...,m—1}. We define
a function 7 : I, x I — Iy as (s,t) — (as + bt) mod ab. Prove
that 7 is bijective if and only if ged(a,b) = 1.

If n > 1 is an integer, show that among n, n+1, n+2 and n+3,
there is one which is co-prime to the other three.

Let k£ > 1 and 2¥ — 1 is a prime. Show that n = 2¥=1(2F — 1) is
a perfect number. A perfect number is a positive integer that is
equal to the sum of its positive divisors, excluding itself.

Let p and q are large primes and N = pq. We choose a number e
such that e is co-prime to ¢(n) and d = ¢! mod ¢(n). Now we
consider two functions fy . : Zn — Zy, defined as fn(m) = m°
mod N and gng : Zn — Zn defined as gne(c) = ¢ mod N.
Prove that for gy o fn . is an identity function.

Let ¢a(n) is the number of positive integers a such that both a
and a+1 are co-prime to n. Find out the formula for ¢2(n). (You
can assume ¢2(n) is a multiplicative function, i.e., if m and n are
relatively prime then ¢o(mn) = ¢a(m)pa(n)).

There are n people numbered 1 to n standing in a circle. Starting
the count with person number 1, every second person is elimi-
nated until only one person is left. Where in the circle should a
person stand to remain the last person standing?

Suppose there are 100 doors labelled with 1 to 100 and there are
100 persons labelled with 1 to 100. Initially each door is closed.
For 1 < < 100, i-th person flips the state of the doors whose
labels are multiple of i. Determine how many doors will remain
open after 100-th person completes the task.



Group B
Graph Theory

1. Consider the following floor plan of five room research lab at TAI in
Figure 1. Show that you can not find a continuous path that pass
through each door exactly once. Now if you are allowed to close some
doors of the lab, after closing at least how many doors you will find a
continuous path that passes through each door exactly once?

2.

(a)

Figure 1: Floor Plan of TAT Research Lab

|
R
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Construct a cubic graph with 2n vertices having no triangles. (A
graph is cubic if every vertex has degree three.)

In a graph G with 10 vertices, among any three vertices of GG, at
least two are adjacent. Find the least number of edges that G
can have. Can you draw such a graph?

Prove that every simple graph G = (V, E) has a bi-partite sub-
graph with at least |E|/2 edges.

Show that if a graph has 2n vertices and all of them have degree
at least n, then the graph is connected.

Two married couples want to cross a river. They can only use
a boat that can carry one or two people from one shore to the
other shore. Each husband is extremely jealous and is not willing
to leave his wife with the other husband, either in the boat or on
shore. How can these four people reach the opposite shore?

Let G be a simple graph with 19 edges, and degree of each vertex
is greater than 3. Knowing nothing else about G, find (i) the
maximum number of vertices that G could have, (ii) the max-
imum number of vertices that G could have for which one can
conclude whether G is planar or not.



5. (a) Consider the king in a 7 x 7 chessboard which can move to hori-
zontal and vertical adjacent squares. Show that you can not have
a king’s tour that traverse exactly 48 other cells, and comes back
to the starting square. Can you conclude the same for an 8 x 8
chessboard?

(b) Can you tile a m x n checkerboard with dominoes (a domino
being two adjacent squares)? Formulate this problem as a graph
theoretic problem, and find the solution.

6. Robot Sophia is walking on a cyclic track. The track is marked at
evenly spaced intervals with Os and 1s, with a total of 16 marks. Sophia
can see the 4 marks closest to her. How should the Os and 1s be put on
the track so that she knows where on the track she is by just looking
at the 4 closest marks?

7. Two player play a game on a graph G, alternatively choosing distinct
vertices. Player 1 starts by choosing any vertex. Each subsequent
choice must be adjacent to the preceeding choices of the other player
and hence they follow a path. The last person who is able to move,
wins. Prove that the second player has a strategy to win if G has a
perfect matching. Otherwise, first player wins.



1.

(a)

Elements of Computing

Given an array A = {a1,as,...,a,} of unsorted distinct integers,
write a program in pseudo-code for the following problem: given
an integer u, arrange the elements of the array A such that all
the elements in A which are less than or equal to u are at the
beginning of the array, and the elements which are greater than u
are at the end of the array. You may use at most 5 extra variables
apart from the array A.

How many asterisks (x) in terms of k will be printed by the follow-
ing C function, when called as count(m), where m = 3¥? Assume
that 4 bytes are used to store an integer in C and k is such that
3F can be stored in 4 bytes.

void count(int n)

{
printf ("*");
if (n>1)
{
count(n/3);
count (n/3);
count (n/3);
}
}

Consider the pseudo-code given below.

Input: integers b and c.

1. a_0 = max(b,c),a_1 = min(b,c)

2. 1=1.

3. Divide a_{i-1} by a_i.

4. Let g_i be the quotient and r_i be the remainder.
5. If r_i==0 then go to Step 9.

6. a_{i+1} = a_{i-1}-q_i*a_i.

7.1i=1+1

8. Go to Step 3.

9.

Print a_i.

What is the mathematical relation between the output a_i and
the two inputs b and c.

10



(b)

You are given the following file abc.h:

#include <stdio.h>

#define SQR(x) (x*x)

#define ADD1(x) (x=x+1)

#define BeginProgram int main(int argc,char *argv[]){
#define EndProgram return 1;}

For each of the following code fragments, what will be the output?

(i) #include "abc.h"
main()
{
int y = 4;
printf ("%d\n", SQR(y+1));
}

(ii) #include "abc.h"
BeginProgram

int y=3;

printf ("%d\n", SQR(ADD1(y)));
EndProgram

Consider the following program:

void g(char *s, int len)

{
if(len == 0)
return;
char temp = s[0]; s[0] = s[len-1]; s[len-1] = temp;
g(s+1, len-2);
}

int main()

{
char s[] = "hello";
g(s, strlen(s));
printf ("%s", s);

}

What will be the output of the above program ?

Let A be an integer array of size N. The function max returns the
maximum of its two arguments. The two code fragments shown

11



below are equivalent (i.e., n,r, s have the same value at the end)
if we fill the blank with (i).

n=0,r=0, s =0;
while (n '= N)

{
s = max(s + A[n], 0);
r = max(r, s);
n = n+il;

}

n=-1, r =0, s = 0;
while (n !'= N)

{
r = max(r, s);
n = n+l;
if(____(1)___)
s = max(s + A[n], 0);
}

When called with = 10!+ 9! and y = 8!, what does the function
f below return?

int f(x,y)

{
int count=0;
while(x > y)

{
X=X"Y;
count++;
}
while(y > x)
{
Y=Y X;
count++;
}

return count;

12



Data Structures

1. You are given k sorted lists, each containing m integers in ascending
order. Assume that (i) the lists are stored as singly-linked lists with
one integer in each node, and (ii) the head pointers of these lists are
stored in an array.

(a) Write an efficient algorithm that merges these k sorted lists into
a single sorted list using O(k) additional storage.

(b) Next, write an efficient algorithm that merges these k sorted lists
into a single sorted list using ©(1) additional storage.

(c) Analyse the time complexity of your algorithm for both the cases.

2. (a) Consider a linked list containing n nodes, where each node con-
tains two pointers ptrl and ptr2. For each node, ptrl points to
the next node of the list. Describe how pointer ptr2 should be
set up for each node so that you will be able to locate the i-
th node from the start node in the list traversing no more than
[logi]| + [i/2] nodes.

(b) Give an efficient implementation for a data structure STACK_MIN

to support an operation Min that reports the current minimum
among all elements in the stack. Usual stack operations (Create_Empty,
Push, Pop) are also to be supported.

3. (a) Let H; and Hy be two complete binary trees that are heaps as
well. Assume H; and Hs are max-heaps, each of size n. Design
and analyze an efficient algorithm to merge H; and Hj to a new
max-heap H of size 2n.

(b) Let B be arooted binary tree of n nodes. Two nodes of B are said
to be a sibling pair if they are the children of the same parent.
Design an O(n) time algorithm that prints all the sibling pairs of
B.

4. (a) Let T be an AVL tree for storing a set of n integers. Insertions
and deletions in T can hence be done in O(logn) time. Given
two integers a and b,a < b, you have to output ngy,, the number
of integers in 7" whose value lies within [a;b] in O(logn) time.

(b) For this purpose, what modification of 7" and its insertion algo-
rithm are required?

(c¢) Give a pseudo-code for computing ngp.

13



1.

2.

Design and Analysis of Algorithms

(a) Give a strategy to sort four distinct integers a, b, ¢, d in increasing
order that minimizes the number of pairwise comparisons needed
to sort any permutation of a,b, ¢, d.

(b) The vertices of a triangle T" are given. For an arbitrary point P
in the plane, give an algorithm to test if P belongs to the interior
of T. (The interior of T does not include its edges).

(a) You are given an unordered sequence of n integers with many
duplications, such that the number of distinct integers in the
sequence is O(logn). Design a sorting algorithm and its nec-
essary data structure(s), which can sort the sequence using at
most O(nlog(logn)) time. Justify the time complexity of your
proposed algorithm.

(b) You are given two strings S and T', each of length n, consisting
only of lower case English letters (a,b, ..., z). Propose an O(n)-
time algorithm to decide whether S can be obtained by permuting
the symbols of T'.

Let M be an (n x n) matrix where each element is a distinct positive
integer. Construct another matrix M’ by permuting the rows and/or
permuting the columns, such that the elements ofone row appear in
increasing order (while looking from left to right) and those of one
column appear in decreasing order (while looking from top to bottom).
Describe an O(n?) time algorithm for constructing M’. Justify your
analysis.

A connected, simple, undirected planar graph G(V, E) is given where V'
denotes the set of vertices and E denotes the set of edges. In V, there is
a designated source vertex s and a designated destination vertex ¢. Let
P(v) denote the shortest path (may contain repetition of nodes/edges)
from s to ¢ that passes through v, and let [(v) denote the path length
(i.e., the number of edges)of P(v). Describe an O(|V|) time algorithm
that determines the value of 7, where 7 = maxy,ey [(v). Justify your
analysis.

Devise an algorithm to color the edges of any bipartite graph of max-
imum degree A with exactly A many distinct colors.

14



(a)

Digital Circuits and Systems

Consider the multiplication of two 2-bit integers ajag and b1bg to
geta 4-bit output czcocicy. Assuming that the right most bit is
the least significant bit, derive Boolean functions for the output
bits ¢y and cs.

Design a combinational logic circuit that takes an unsigned 2-bit
integer as input and computes its square.

You are given a logic block L that takes two inputs A and B, and
produces A + B as output. Realize a two-input XOR gate using
only the logic block L. You can use as many pieces of block L
as you need. You may use the constant function 0; but no other
type of gate is allowed.

A binary sting a,a,—_1 . . . ag is called palindrome if anap—1 - ..ag =
aoai . . .an. Design a combinatorial circuit over 4-bit inputs that
outputs 1 if and only if the input is a palindrome.

You are required to design a 4-bit prime number checker. Note
that 0 and 1 are not prime. Design the circuit using a single 4 x 1
multiplexer and a minimal number of AND, OR or NOT gates,
if needed.

Consider you have a number of comparator circuits. Design a dig-
ital circuit that takes n inputs, each of which is a 4 bit number
and output the minimum number. You may use basic combina-
torial gates in addition to the comparator circuit.

A Boolean function ¢ is said to be the dual of another Boolean
function f if g is obtained from f by interchanging the operations
+ and ., and the constants 0 and 1. A Boolean function f is self-
dual if f = g. Given f(a,b,c) = ab+ bc + z, find the Boolean
expression x such that f is self-dual.

Let ap—1apn—2...a9 and b,_1b,—2...by denote the two’s com-
plement representation of two integers A and B respectively.
Addition of A and B yields a sum S = s,_185-2...50. The
outgoing carry generated at the most significant bit position, if
any, is ignored. Show that an overflow (incorrect addition re-
sult) will occur only if the following Boolean condition holds:
Sp—1 D (an—lsn—l) = bn—l(sn—l @ an—l)'

15



(b) Design a digital circuit to compare two three bit numbers A(A2A;1Ap)
and B(ByB1By); the circuit should have three output terminals
indicating A = B, A < B and A > B. Draw the corresponding
circuitry.
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