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Definitions

@ Ordered Field:
Let F be a nonempty set with two binary operations "+", " x " and
an order relation "<" defined on it such that:

(F,+) is an abelian group.

(F\ {0}, x) is an abelian group.

X is distributive over +

If a< bthena+c< b+c forany ceF.

If 0 < aand 0 < bthen 0 < ab.

vy vV vVVvYYy

If IF is nontrivial:
1. —1p < O < 1p

2. Mp<pn iff m < nforall mneZ.
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@ Modulus Function on F:
a—b ;a—b>0

a— blp:=
| e b—a ;a—b<0

Note:
l.la—bp<e < b—e<a<b+e.
2. |la+ blr < |a|r + |b|r

e Open Sets in F:
SC Fisopenifforany x€ S, 3 ¢(>0) € F so that for every y € F
with |y — x| < € is also in S.

Note: J

The open interval (a, b)r is open.
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o Limit of a sequence in F:
We say {x,} C T converges to x € I if for every ¢(> 0) € FF there
seq.

exists k € N such that |x, — x|p < € for all n > k.

Note:
The limit algebras (which holds in R) also holds in F.

(xn) converges to a unique limit.

@ Convergence of Series in F:
o0

> a, is said to be summable, if the sequence (s,) converges in F
n=1

where (s,) :== Y an.
i=1
Note:

(o0}
If > a, converges, then (a,) — 0.
n=1
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@ Notion of Continuity in F:

D C IF with f: D — F. We say that fis continuous at x € D if for any
g(> 0) € IF there exists §(> 0) € F such that for any y € D with

ly—Xr<d = |ly) - X)r<e

Sequential Criterion for Continuity:

e If fis continuous at x € D then for every sequence (x,) in D that
converges to x the sequence f{x,) converges to f{c).

@ In proving the converse one needs Archimedean Property, hence in an
arbitrary Ordered Field F the converse may not be true.

o Derivative of a function fin F:

Let f: (a, b) — F and let c € (a, b) then define f(c) = lim fd-flq)

x—c X7¢
provided the limit exists.
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Some Propositions from Analysis
A List of propositions in F.

1. Order Completeness Property:
If S C F is bounded above, then 3 ¢ € F that is an upperbound of S
and for every upperbound b of S, we have ¢ < b.

2. Archimedean Property:
For every x € IF, 9 n € Np such that x < n.

3. Cut Property:
» A < B, if every element of A is less than every element of B.

» fALBCF(ANB=¢, AUB=TF, A< B), then
JceF(xeA = x<c¢ xeB = c<x)

» Gap: If A, B C F satisfies the hypothesis of Cut Property and violates
its conclusion then we call A, Bis a gap in F.
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4. Topological Connectedness:
If F = AU B where A,B are nonempty and open, then AN B # ¢.

5. Intermediate Value Property:
If f:[a, b] — F be continuous with f{a) < 0 and f{(b) > 0,then
3 c € (a, b) such that flc) =

6. Bounded Value Property:
If f: [a, b] — F is continuous, then 3B € F with f{x) < B for all
X € [a, b).

7. Extreme Value Property:
If f:[a, b] — F is continuous, then 3 ¢ € [a, b] with
fix) < flc) V x € [a, b]

8. Mean Value Property:
Suppose f: [a, b] — F is continuous on [a, b] and differentiable on

(a, b), then there exists ¢ € (a, b) such that f(c) = f(b) f( )
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10.

11.

12.

13.

Constant Value Property:
Suppose f: [a, b] — F is continuous on [a, b] and differentiable on
(a, b), with f(x) = 0 for all x € (a, b) then fis constant on [a, b]

Monotone Convergence Property:
Every monotone bounded sequence in F is convergent in F.

Cauchy Completeness:
Every Cauchy sequence in I is convergent in F

Fixed Point Property:
f:[a, b] — [a, b] be continuous. Then there exists x € [a, b] such that

flx) = x

Alternative SeriO%s Test:
If (an) 4 O then > (—1)"a, converges.

n=1
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14. Absolute Convergence Property
If Z |an| converges in IF then Z ap converges in F.

n=1 n=1
15. Ratio Test Property:

o0
If [*22|p — L € F with L <1, then 3~ a, converges in F
n=1

16. Nested Interval Property:
If h,bh,..., 1, ... be a collection of closed and bounded nested
intervals, ie h D h D ...D D ...then " i # ¢

Now we move on to see which of these properties are equivalent to
the Order Completeness in IF, and which of these are not.
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FACT:

Any Ordered Field which is Order Complete is isomorphic to R, so
assuming Order Completeness in I will give us all the above stated
propositions as Theorems in .

So to prove the equivalence of any above stated proposition with Order
Completeness, all one only needs to see is, if or not that proposition gives
back Order Completeness to us.
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Cut Property <= Order Completeness

P
Immediate from Order Completeness.

_—
We take any nonempty S C F bounded above, with B being the set of
upperbounds of S, and A its complement.Now A, B satisfy the hypotheses
of Cut Property,so there exists ¢ € I such that everything in A is less than
¢ and everything in B is greater than c.

For here it's easy to check that cis a least upper bound of S.

This will be a very useful tool in the rest of the presentation.

Remark J
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Topological Connectedness <= Order Completeness

" = " We prove the contrapositive statement.

Let A,BbeagapinTF.

= P c € F such that everything in A is less than c and everything in B is
greater than c.

= A has no maximum element and B has no minimum element.

Had such an element existed, then it would do the work of ¢, which
contradicts the assumption.

= both A and B are open, which contradicts the topological connectivity
of F.

Hence done.

Saikat Goswami ( Ramakrishna Mission Vidy Equivalent forms of LUB Property January 17, 2021 12/38



Intermediate Value Property <= Order Completeness

" = " Again we follow the method of contradiction.

Let A, B be a gap in F. Now define a function f: F — F such that

1 xeA
X) =
) {—1 xeB

You can shown that fis a continuous function, using the fact that both A
and B has no max and min.

= fic € F with f{c) = 0 violating Intermediate Value Property.
Hence no such gap exists.
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Extreme Value Property <= Order Completeness

=
Let A,Bbe agapinF withac Aand be B.

Define f: [a, b] — F as follows:

f(x):{x x€EA

0 xeB
fis continuous on [a, b].But B c € [a, b] with f{x) < fc) for all x € [a, b].
(If such a c exists then it would have to be in A and A has no maximum

element)Contradicting Extreme Value Property.

Hence no such gap exists in IF, which means [ is order complete.
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Mean Value Property <= Order Completeness

" "

@ Mean Value Property —> Constant Value Property:

Assumptions: f: [a, b] — IF which is continuous and differentiable on
(a, b) with f(x) = 0 for all x € (a, b)

Claim: fis constant on [a, b]
Pf: Apply MVP to f: [a,x] — FF where x € (a, b] we get c € [a, x] with
0="(c)= f(x)—‘);(a) = f(x) = f(a) for all x € (a, b].
X_

i.e fis constant in [a, b]
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o Constant Value Property — Order Completeness

Let A, B be a gap in F. Consider the function f: F — FF defined as

) = { x€EA

1 xeB

Want: f(c)=0forall ceF. ie

V5(>O)€F,35>Os.th€IF( )-Ac)

X—C

<o)
F
WLOG, lets assume c € A. Since A, B is a gap, A has no maximum
element. So let a € A with c < a.
Choose 6 =a—c. If xeF with [x—clJp <dthenc—0d <x<c+94
o —
— =0<e.

fx)=flc)

Hence f(c) = 0 for any c € F.So f has derivative 0 everywhere, yet it
is'nt constant on [a, b] if one takes a € A and b € B. Contradiction.
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Monotone Convg. Property <= Order Completeness

@ Monotone Convergence Property = Archimedean Property.

Let's assume FF is not archimedean, 3 ¢ € IF with n < ¢ for all n € Ng.
By assumption (1,2, ...) must converge,say to r € F.

= (0,1,2,...) also converges to r.

Subtracting the two sequence we find (1,1,1,...) converges to 0,
which is absurd.

Therefore IF must be Archimedean.

o Let (¢ #)A C F which is bounded above in F. U: Set of upperbounds
of Ain F.

Want: U has a minimum element.
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o Claim1: {u—c:uecU}=U—-ecZ U foralle(>0)€eF.

Let € > 0.

Let U— ¢ C U,Now we use induction on n € N.

If U— ne C U for some n € Nj.

then U—(n+1)e=(U—¢) —ne CU—ne C U.

— U— ne C U for all n € Nj.

Hence by Archimedean Property we have F = J2, U—ns C U,
which contradicts A # ¢.

o Claim2: N2, U-LcCu
Let x€ (02, U— Land let (x <)y € F.
By archimedean property 3 n € Np such that x+ % <y.

xeU-1=x+lcU= (x+1<)ygA
y is chosen arbitrarily,so x is an upperbound of A, i.e x € U.
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Clam 3: U—-1c U- 1L foral m<n

@ Claim 3.1: Let n, be any increasing sequence in Ny then

N2 (U-%) =N (u-)cu.

e Claim 4: If x€ F with x¢ U— % then x < yforall ye U— %
@ For a detailed proof see [1]
@ We proceed in constructing a monotone increasing sequence, to apply

M.C.P. The limit will be the desired lub A.
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o Let x; € (U—1)\ U (# ¢ by Claim 1)
x1¢ U= x ¢ (oo, U—1(Claim2)
so 3 n; > 1suchthat x; ¢ U— L

ny”
Let x, € (U ) \ U, 3 ny > ni(Claim 3)
such that xo ¢ U — 712
Again consider x3 € (U— L U); and so on.

_ 1
m

n
@ This yields two increasing sequences:
(1, n, o, ...) in N (Claim 3) and (xx) in F (Claim 4,3)
such that x, € (U— 1 ) \ U.

Ng—1
Then (xk) is bounded above by each element of U.
— (Xk) —x€eT.
— x<uforall ue U.

@ x, < xfor all k and x, € (U—i)

Nk

— xe M (U-3) =M (U-3) SUiexe

ni

Therefore x is the smallest element in U, which means x = lub A.

Hence IF is order complete.
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Fixed Point Property <= Order Completeness

=
Let A, B be a gap in F. Pick a € A and b € B and define f: [a, b] — [a, b]

such that
b xe A
X) =
) {a xeB

A has no maximum element and B has no minimum element,we can show
that fis continuous, with no fixed point. Contradicts Fixed Point Property.

Hence F must be Order Complete.
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Nested Interval Property <= Order Completeness

Archimedian

—
Archimedian Prop.

(¢ #)A C F. Want: lubA € F using NIP.

Create a nested sequence of closed bounded intervals.

bg: an upperbound of A, ag: not an upperbound of A.

Then define Iy := [a(), bo] = lhNA# ¢.

Choose ¢ = (ag + bo)/2r.

If 3 a € A with ¢ < a choose a; = ¢, by = bg, otherwise a; = ag, b1 = ¢.
We created Iy 2 h 2 ... D I, D ... where I, = [ap, bsy] with

an: not an upperbound of A, b,: upperbound of A.

diam(/,) = %
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Assuming F is Archimedean.

() — 0 = diam(/,) — 0 = N° /; contain at most 1 element.
NIP = It contains 1 element, say (/i = {s}.

Want: s = lubA.

lf3ac Awiths<a= a—-s>0.

diam(l,) = 03 pe N, diam(l,) < a—s.

s€l,and a¢ I, = b, < a. Contradicts bp: upperbound of A.
= a<s. i.e sis an upperbound of A.

Let k < 5.3 g€ N, diam(lg) < s— k.

s€lgand k¢ Ig = k < ag. Way we have constructed aq
3 b€ Awith k< a; < b= kis not an upperbound of A.
s=IlubA.

Remark:

In general NIP = Order Completeness. Hyperreal Numbers forms a
counterexample. See [5]
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Ratio Test Property <= Order Completeness

o Ratio Test = Archimedean Property:

Consider the following sequence (o )then (]a"“ |> —i<1

an

o
= > 2—1n is convergent.i.e sequence of partial sums
n=1

w

(sn) = (53,3, 5,...) is convergent.

If F is non archimedean, J¢(> 0) € F with & < X for all n € Np.
Forany n€N, € < |spt1 — sp| = % i.e (sp) is not Cauchy,

contradiction.
So F must be Archimedian.
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o Every Archimedean Ordered Field FF can be embedded in R:

mp

1 Defining Rational Copies in F: ¢ : Q — F mapping © — =

¢ is a well defined, (1 — 1) Order-preservingField homomorphism.
2 x€ F.Define Sy :={qeQ:qr < x} CR.
F is Archemedean = S, is bounded and nonempty.

3 Define ¢ : F — R with ®(x) = lub S

® is a well defined, Order Preserving Field homomorphism.
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o Subfield of R that satisfies the Ratio Test must contain every
reals:

[F: Archimedean Subfield of R where Ratio Test holds.
It's enough to prove F = R.

n+ % + % + % =+ ... is a series whose terms are in Fand Ratio Test
confirms the convergence of this series in F.

It suffices to show for x € R there is a series of the form
(nt3+3+5+..) > x=xeF.
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@ Its enough to consider x € [0,1]. because the representations of other
reals can be obtained by adding an integer.

2
Let x € [0,1]. Bisect [0, 1],choose ay := 1.

Let x# 5, if x€ (0, 3) choose a := 3 — % otherwise a := 1 + 1.
Continuing this way with the help of N.I.P we can conclude that
(an) = x, where (a,) = (3 £+ 3 +..)

SoxeF

= F =R = F is Order Complete.
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Example of a Non-Archimedean Ordered Field:
Let F be any ordered field.

Define F((x)) :={ > awx*:ax €F ne N}
k=—n
-1
For any element of F((x)), the associated finite sum Y apx* is called its
k=—n
principal part.

o Addition: > axf+ Y bxk = > (an + by)X"

k=—n k=—m k=—max{n,m}

o Multiplication: Y axxfx > bxki= S (aiby) | XK
k=—n k=—m k=—(n+m) \i+j=k

S axX | > 0 iff the first nonzero coefficient is
k=—n

greater or equal to 0. Using this we can define a < S iff 0 < 5 — a.

@ Order Relation:

This makes (IF((x)), +, x, <) an ordered field.
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@ Archimedean Property:

x 1 € F((x)) with x1 —n > 0 for any n € Np.
= n< x ! for all n € Ng.

x € F((x)), for any n € N we have 0 < 1/n— x.
= x < 1/nforall n € Np

= [ is non-archimedean = [ is not Order Complete.

@ Modulus Function:

> axk if first nonzero coefficient is postive

Y awk| = e S :
k=—n S (—ak)x* if first nonzero coefficient is negetive
k=—n
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e Cauchy Sequences:(a,) is Cauchy,
If V (0 <)e € F((x)) there exists k € N
(Vn, m>k (\a,, — amhp((x)) < 6))

Note:

The sequence (x") | 0 , whereas the sequence (1) - 0. So here in F((x)),
(x") will play the role which (1) plays in R.

o Characterizing Cauchy Sequences in F((x)):

(an) be Cauchy in F((x)).

e = x¥ then 3 N, € N with:

|an — amlr((x) < xK for any n,m > Ny.

The first nonzero term of |a, — am|r((x)) is positive.

If the first nonzero term corresponds to ¥ with j < k.

= x* < |a, — am|, contradiction.

= Coefficients of X with j < k in a, — amm are 0 for all n,m > N,.
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@ A sequence of Formal Laurent Series is Cauchyiff the sequence of its
principal part stabilizes (is eventually constant) and for every integer

n > 0 the sequence of coefficients of x” stabilizes.

@ See this sequence
ay = x 114+ x+2+ ..
a = X224 x T 14 x4+ + ..
3= X34 x 24 xTHl4x+X4+...

is not Cauchy, even though for every integer n the sequence of
coefficients of x is constant.

Note:

If (ap) = <Z A,,fo) is Cauchy, then min{J,: n€ N} =J € Z.
J=Jn
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e Cauchy Completeness: Let (a,) be Cauchy.

Writing a, = ZJZJn A,,ij.
If we fix j then for each j we get that (A, )n>1 is constant for n large

enough and

lim a, = Z(n'L”;o A )X € F((x))

n—oo e
=3

Hence F((x)) is Cauchy Complete.

o0
o If (ap) — 0 then ) a, is convergent:
n=1

an= Y Anj¥ with (a,) — 0 = (a,) is Cauchy. Then for each j
JzJn

o0
(Anj) is eventually 0.= >~ A, (= Aj) terminates after finitely many

n=1
steps.
= Z ap = Z <Z An’j>Xj: ZAJX’EF((X))
n=1 Jj23 \n=1 =3
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o0 o0
o If > |an|r((x) converges then }_ a, also converges:
n=1 n=1
o0
|an| converges = |a,| — 0
n=1

= For any ¢(> 0) € F((x))

3 N € N with ||a,| — 0] < e forany n> N
= |a, — 0| <eforanyn> N

= (ap) — 0.

= anp is convergent.
n=1
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Cauchy Completeness = Order Completeness:

F((x)) is Cauchy Complete but not Order Complete.

It has always been very tempting to think that these two were equivalent
in the presence of the order field axioms.

It's worth knowing what Hilbert had in mind when he referred R as the
"Complete Archimedean Ordered Field”. He meant that:

Every Archimedian Ordered Field is isomorphic to a subfield of
“the” Order Complete Field (R)

What Hilbert meant by R is complete is: Nothing can be added to R to
make a larger ordered field, without sacrificing the Archimedian Property.
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Other Properties # Order Completeness:

o Alternating Series Test = Order Completeness
In F((x)) every series whose terms tend to O(whether or not they

alternate in sign) is summable, so Alternating Series Test holds in
F((x)) even though it is not Order Complete.

@ Absolute Convergence Property = Order Completeness

In F((x)) Absolute Convergence Property holds but is not Order
Complete.

o Bounded Value Property = Order Completeness

A counterexample can be found in [1.] listed in the Reference.
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Conclusion:

Propositions < Order
Completeness:
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Order Completeness

Cut Property

Topological Connectedness
Intermediate Value Property
Extreme Value Property
Mean Value Property
Constant Value Property

Monotone Convergence
Property

Fixed Point Property
Ratio Test Property

Propositions < Order
Completeness:

Equivalent forms of LUB Property

Archimedean Property
Bounded Value Property
Cauchy Completion

Alternative Series Test

Absolute Convergence Property

Shrinking Interval Property
Nested Interval Property
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