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Given any two-qudit state p4p, shared between Alice (sender) and Bob (receiver), the
optimal teleportation fidelity 7, is known to be dependent on the optimal singlet fraction
F,of pas: F,=(dF,+1)/(d+1).

@ The optimal teleportation protocol uses measurement in (generalized) Bell basis.

Does that mean that in a network scenario — where Alice and Bob; share a noisy two-qudit
state p1, Bob; and Boby share a noisy two-qudit state po, ..., Bob,, and Charlie share a
noisy two-qudit state p, 1 — the same optimal scheme would provide the best approach for
establishing the optimal teleportation channel between Alice and Charlie?

Here we address this question for d = 2 case, and our answer differs (in general) from the
above-mentioned paradigm.
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Plan of the talk

© Quantum Teleportation

Q Optimal Teleportation with two-qubit state

© Optimal distribution of Teleportation channel via LOCC
e Optimal LOCC protocols for three-node scenario

e Complexity beyond three-node scenario

@ Maintaining teleportation fidelity with less entanglement

@ Summary
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Plan of the talk

@ Quantum Teleportation
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Quantum Teleportation: Basic idea

@ It is a fundamental protocol to transmit quantum information from a sender (Alice) to the
receiver (Bob) using shared entanglement and LOCC.

|[Vin) a7 (Yin| ® paB — Tara ® XB*

where  |tin) (Vin| = input state, X" = output state
Alice Bob
e ‘k—‘ Data qubit o
: -
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~
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Bell pair
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Perfect Quantum Teleportation protocol

@ Unknown qubit state given to Alice : [¢;,) = a|0) +b|1),  |a|> +|b]*? =1
@ Shared entanglement between Alice - Bob : [®¢) 4,5 = \/Lﬁ(|00> + |11))
Bell measurement | cbits | Teleported | Correction | Output }°“

by Alice state to Bob by Bob
(Do (Do 00 al0) + b|1) Iy al0) + b|1)
[@1)(1] 11| al0) - b[1) o3 al0) + b[1)
[5) (Po] 0L | all)+0J0) o1 al0) + b|1)
[Bo1) = 25(100) £ 1)) and  [@25) = =([01) £ 10))
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Plan of the talk

© Optimal Teleportation with two-qubit state
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Quantum Teleportation: Standard figure of merit

e The standard figure of merit for QT (|1)) a4/ (¢)| ® pap — Tar4 ® xB) is the average fidelity

T = / & ($lxslb)ar

e The average fidelity can be transformed by local unitary (LU) rotations and maximal fidelity
given by

Foap = gll%;;<fp;,3>

where ,0243 = (U1 & Uz) PAB (Ul & UQ)T.

o F

bap is known as the maximal fidelity of p4p and the protocol pap — p/s 5 is known as

optimal ! 2 only under LU transformation.

ip, Badziag, M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Rev. A 62, 012311 (2000).
2R. Horodecki, M. Horodecki, and P. Horodecki, Phys. Lett. A 222, 21 (1996).
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Fully Entangled Fraction

o Definition: For any bipartite state pap, fully entangled fraction (FEF) is defined as

F

PAB

:Tch(@]p]@% where |®) €e MES

o If F,, is the maximal fidelity of p4p, then FEF of p4p can be computed as

28,4+ 1
]:PAB — pT’
where F,, . = (®3] pap |P3) is nothing but the singlet fraction of sap 3,4, where |®3) is

the Singlet state.

@ A two-qubit state pap is said to be useful under standard protocol iff F,,, > 3.

3M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Rev. A 60, 1888 (1999).
4p, Badziag, M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Rev. A 62, 012311 (2000).
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Maximal fidelity is not LOCC monotone

@ The definition of maximal teleportation fidelity is valid only under standard protocol (a
restricted LOCC).

@ In general sender and receiver has freedom of performing any type of LOCC.

@ Maximal fidelity can increase under deterministic LOCC and there exist a sufficient protocol
for any two-qubit state.

o Optimal Fully Entangled Fraction:

F*(pap) = A max F(A(pap))

o Optimal Teleportation Fidelity:

2 F*(pag) +1

F*(pan) = —22
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The Optimal Teleportation protocol

« The optimal protocol for maximizing teleportation fidelity is a one-way TP LOCC protocol.

I
. 7N, N 1 N g
’ 1 N, \
Alice ( ~] / NV ANTAN ) Bob
1

{My,1— Mo}
Py
OAB
/-, i, I -~ -
. O\ - Ill N \\ ,ll \\ ,'I \\\ /
Alice Y A
1-Py Standard Teleportation
Protocol
Alice . < > . Bob

[n4)
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The Optimal Teleportation protocol

@ The optimal teleportation fidelity of any two-qubit state can be expressed as °

1- PR (A®T) pap (AT ®T)
IO = Py F h =
(paB) Aeglﬁa(}z(,m 0 F(oaB) + 5 Where o4p 2

1
o If pap is entangled then F*(pap) > 3

@ One-way LOCC from Alice to Bob is sufficient to achieve the optimal teleportation fidelity.

BF. Verstraete and H. Verschelde, Phys. Rev. Lett. 90, 097901 (2003), F. Verstraete, J. Dehaene, and B. DeMoor, Phys. Rev. A 64, 010101(R)
(2001).
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How to compute Optimal Teleportation Fidelity (OTF)

@ To compute OTF of p4p one needs to find suitable filtering operation (bringing the state to
its canonical form p¢ 5).

. . Il =J2
@ This is not sufficient because one needs to find the quantity, P F(p$ ) + Tk where
P =Tr [pap(ATA®1)] is the probability.

@ Hence, one needs to solve the following semi-definite program (SDP) ©

~

F*(pap) = maximize — —Tr (pAB X)

st. 0<X<Iy and -

I
<Xx's < 5 and rank(X)=1

SF. Verstraete and H. Verschelde, Phys. Rev. Lett. 90, 097901 (2003)
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Upper bound of OTF

@ The OTF of any two-qubit state is upper bounded as *

1+ N(pap) b C(paB)

F* <
(paB) < > < 5 ;

where N(pap) is the negativity and C(pap) is the concurrence of pap.
@ The upper bound is saturated only for the class of states that satisfy
I'p i
PAB ’(I.> = Amin ‘(I)> )

where \;,;, < 0 is the smallest eigenvalue and the eigenvector |®) is a maximally entangled
state (MES).

@ Example: Entangled Bell diagonal states, pure entangled states and so on.

7F. Verstraete and H. Verschelde, Phys. Rev. Lett. 90, 097901 (2003)
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Plan of the talk

© Optimal distribution of Teleportation channel via LOCC
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@ We know the optimal teleportation protocol for a two-qubit state.
@ Although the protocol is state dependent but we know one-way LOCC is sufficient.
@ Question: Can we simply extend such problem over a network?

@ Consider a N—node scenario where a sender wants to establish optimal qubit teleportation
channel with a desired receiver.

@ The intermediate nodes act like quantum repeaters where there are single copy of preshared
two-qubit states.

@ Question: How much teleportation fidelity they can establish between Sender and Receiver
with LOCC and the given resources 7
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Motivation
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There are many relevant works in this direction.®

8Nature 605, pp. 663—668 (2022), IEEE INFOCOM 2022 (doi: 10.1109/INFOCOMWKSHPS54753.2022.9798300), IEEE JOURNAL ON
SELECTED AREAS IN COMMUNICATIONS, VOL.38, NO.3, MARCH 2020
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Basic three-node scenario

We start with only three nodes, namely, Alice, Bob and Charlie.

PaB, Op,c
Alice.-‘,\/\/\/\/\l\l\/\/\/—. Bob._/\NVVV\N\/\‘F. Charlie
= ! m - m
{AYAT~C ] :{Bj}szl - {Ce3i sy
: S o ] & _- -~ k

Collaboration
(Optimal tripartite LOCC)

A|ice‘—-/\/\/\/\/§/\/\/\/\/—.

{qau Ta,AC}

Charlie

. 1
Fic(Pap,. P8,¢) = max F(A(pap,®T5,c)) >3
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Consider three spatially separated parties, namely, Alice (.A), Bob (B) and Charlie (C) such that
AB share an arbitrary state pap, with local dimensions d4 = dp, = d > 2 and BC share

another arbitrary state o, with local dimensions dp, = dc = d > 2. All parties have freedom
to perform LOCC. The task is to distribute entanglement between Alice and Charlie such that its

fully entangled fraction is maximized over all three-party LOCC and it is strictly greater than the
classical bound %.
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How to implement optimal LOCC ?

@ In general it is difficult to answer what is optimal implementation.

@ Even a finite n—round LOCC on a bipartite system is a strict subset of LOCC i.e.,
LOCCyN C LOCC.

@ Any LOCC can be expressed as a Separable operation (SEP), converse is not true in general
because LOCC C SEP.

@ SEP has a simple operator structure and therefore one can say

FZ = [0 T A [}
sep(PAB,,TB,C) |<I>)He1]E\L/IXESAI€n5§L§P< ac|Trp (A(nag, B,c)) [ ®ac)

= {,,?1&1)\3} Tr (Xac(Ni) Xm,) = Fiocc(paB,,0B,C)-
%) (3 3

@ Detailed calculations are in the Appendix.
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o Here \/d|®g) = Z;‘i;ol |4 is the MES in C¢ @ C?
o X, = (mj ® 1) Pp, (m; ®1I) is a rank one projector.
@ Xac(N;) =Trp ((]I ® njnz ® 1) nABlBQC) where N; = njnz > 0.

@ An important thing to observe is that the minimum value it can take is é i.e., the classical
bound.

@ This is because for a given pair of states (pap,,oB,c) if the fully entangled fraction value
goes below é, then it is possible that Alice and Charlie replace their existing state by a pure
product state using LOCC.
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Sufficient protocol

@ The sufficient protocol states that a one-way LOCC (LOCC;) from Alice to Charlie and
another LOCC; from Bob to Charlie is sufficient.

@ However, a both-way LOCC (possibly LOCC,,) is required between Alice and Bob. Although
it is difficult to give lower bound on n in general.

@ Thus even under separable operations there is a complicated optimization between Alice and
Bob.

@ For any given states pap, and op,c, one can propose an optimization problem under
three-party SEP operation to obtain F§pp(paB,,oB,c). For details refer to Appendix.
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Sufficient protocol
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Upper bounds on the optimal teleportation fidelity

@ Let us consider a case when AB share a two-qubit state p4p, and BC share a two-qubit
state op,c i.e. d=2.

@ From the LOCC argument one can propose the following upper bounds on F}~(p, o).

Fic(p,o) <min{Fy, F5}, where

1+ C(pap,) C(oB,c)

Ff = min {F*(pa,), F*(ope)} and Fj = :

@ Note that there does not exist a general ordering i.e., whether F}" > F holds or vice versa,
depends on the chosen pair of states.
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Plan of the talk

@ Optimal LOCC protocols for three-node scenario
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What intuition would say?

o If we think intuitively, one could say: Suppose Bob-Charlie share a higher fidelity state i.e.,
F*(pap,) < F*(op,c). So first make optimal post-processing on op,c. Then simply
"teleport” one part of pap, using standard teleportation. After that do further
post-processing if necessary.

PaB, Op,c

Alice./WVWV\NVi‘ ‘\A,WW\A\’(:harlie

Bob

@) Pope, ™,
Bell | j

measurement

1 = Popt™y Product
state

@ Unfortunately this is not the optimal protocol.
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Protocols

@ Protocol, P;: Bob first performs a two-qubit projective measurement in any maximally
entangled basis and then classically communicate the outcome to Alice and Charlie. After
then, Bob's system is discarded and a one-way LOCC is performed from Alice to Charlie.

@ Protocol, P5: Bob first performs a two-qubit projective measurement in a given basis
{Im:)}3_, of non-maximally entangled states (excluding all maximally entangled basis) and
then communicate the outcome to Alice and Charlie. After then, Bobs system is discarded
and a one-way LOCC is performed from Alice or Charlie. The Bob's measurement basis is
restricted as

In0) = a0 |00) + a1 [11), [m1) = a1 ]00) — ag|11),
[n2) = Bo|01) + B1[10), |m) = B1|01) — Bo |10),

where ag > a1 > 0 and Sy > 51 > 0.
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Class of states for which £} = F can be achieved

@ When both AB and BC share a two-qubit pure entangled state.

|¢)A31 |71)Bzc
o/ Bob @+ \/\\WAA\A\N\N\A~@
Alice - Af&harlie
i i
Vi —— {|‘I’Xz,i)}— Ui
‘ |Pxz0) = —= (10 +) + [1 =)
XzZ,0] = = -
1$)ac e
OH— " NNAANANANNANANA—O | [9,)= Flon-1-»
1
‘ popt _ L+ C(1%as, DC (Mg, ) ’ 1Puxzz) = 7510 =)+ 11+
ac — 1
2 (@xza) = 75010 )~ 11 -))
[Waz,) = Val0) ®105,) +VI—a|12) ®|1,). i<a<1
Ins,c) = Vb 105,) ® 100) +VI = b |15,) ®1c), s<b<1
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Class of states for which £} = F} can be achieved

@ Suppose pap, = (1 —
O<p<land <6<
\

) (¢l with |¢) = a|00) + vI—alll), 5<a<l

p) Y ><¢\+p 01) (01] with ) = V/§]00) + v1 =4 [11),
0 <

@ Whereas, op,c =

o Sufficient protocol, Py: Bob performs PVM in a complete basis of
In) = /B 100) + /1 —3|11) and does CC to Alice. Alice performs a two-outcome POVM
and does CC to Charlie. This happens if the parameters p, «, 3, 0 lie in a specific range,

1 1 1
O<p§§, 0. <6 <1, §§a<ac(p,5), §§B Be(p, @, d)
1 1 1 1
or §<p<17 §<6<]—7 §§a<a6(p76)7 §§ﬂ /B(p’a(s)

@ For full expression, refer to Appendix.
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Whether there exists a tighter upper bound than min{Fy, F;}

@ Suppose pap, and op,c are convex mixtures of Bell basis i.e.,
3 3
PABy :ZP1|<I>Z> (@], O-B2C:ZQJ'|(I>]'> <(I)j|
i=0 §=0
The best-case fidelity can be achieved as
Fie < Anaz [(AU,p,o ® 1) |®o) (Po]] < min{Fy, F3},
where Ay, - is a unital qubit channel that depends on p4p, and op,c and

V2 |®g) = [00) + |11). Amaz(p) is the largest eigenvalue of the density matrix p.

o Sufficient protocol, P;: The protocol that is sufficient to achieve the upper bound is

performing complete Bell measurement by Bob followed by local unitary applied by Alice
and Charlie.
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Bob’s measurement in maximally entangled basis is not always

optimal

@ Previous examples shows Bob's first move while performing PVM in MES is sufficient.
@ However, this not always works for any pair of two-qubit states.

@ For instance, let pap = (Aapc @ 1) [ Do) (Po| is a Choi state, where A qpc is the
amplitude-damping channel with channel parameter % <p<l

@ Let op,¢ is two-qubit isotropic state,
o, = 0.55|@q) (o] + 0.15 (|@1) (1] + |P2) (P2 + [P3) (D3]).

Efficient protocol: In the above scenario, Bobs first move in doing PVM measurement in
non-maximally entangled basis (Protocol, P2) is efficient than doing PVM in any MES
(Protocol, P1). After Bob's measurement, Bob does CC to Alice and Alice does two
outcome POVM and does CC to Charlie.
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One-way LOCC from Bob to Alice maynot be sufficient

@ Let us define another protocol. Protocol, Ps: Alice first performs a local filtering operation
and classically communicates the outcome to Bob. If the filter passes, all of them applies
Protocol Pi, otherwise Alice and Charlie discards their existing state and replace it by a
pure product state.

@ For the same choice of initial states, we see that Bob's first move while performing PVM in

) 1
any MES basis is not efficient in the entire range 3 <p<'H

@ Instead of Bob's first move, if first Alice performs POVM:

1 0
M():(O u), My =1— My, i <gpi<Ql!
p2
and communicates the outcome {0, 1} to Bob.
@ If the outcome is 0, then Bob performs Bell basis measurement and does CC to Alice and

Charlie. Otherwise Bob performs nothing.
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@ The small subfigure contains plots of the average FEF w.r.t. the channel parameter p of
ADC for three different assisted protocols (both PVM and POVM) from Bob to
Alice-Charlie.

@ It also contains plots of the LOCC upper bounds Fy(p, o) and F5(p, o). The larger figure is
a magnified version of the smaller one where the plots of F}'(p, o) and F5(p, o) are omitted.

@ Here the red curve is for Protocol Ps.
@ The NME basis for measurement is

3 1 1 V3 3 1 1 V3
\n0>:§\00>+§|11)7 |n1>:5\00>77|11>» \n2>:§\01>+5I10>7 In3>:5\01>77|10>

@ This protocol is more efficient than the case when Bob performs PVM in any complete MES
basis {|V;) = (U; ® V;) |®o) }, where U;, V; are local unitary operations. (Protocol P;).

@ The purple curve is for Protocol P3.
@ The green horizontal line is for Protocol P;.

@ The plots clearly show that within the region @ < p < 1, the average FEF from
Protocol Ps can be strictly larger than Protocol P; .
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Plan of the talk

e Complexity beyond three-node scenario
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o If we consider more than three parties, the situation becomes cumbersome.

@ For example, if we consider four parties, just as previously, we can define an optimization
problem.

@ But this optimization problem will be much more complex than the three parties scenarios.
For detail refer to Appendix.

@ Thus, a general n-node scenario will be much more non-trivial from the view point of finding
an optimal multiparty LOCC protocol.

@ We also observe that

Consider a linear network of N parties (nodes), where every segment share a bipartite state p; ;11
and all parties can perform LOCC. In such a case the maximum fully entangled fraction that A;
and Ay can achieve is upper bounded by the LOCC bound

Fiy < F* = min {F*(p12), F*(pa3), -, F*(pn-1n)}
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Plan of the talk

@ Maintaining teleportation fidelity with less entanglement
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n-node scenario

@ However there are some instances where n-node scenarios can be handled analytically also.

@ We divide the communication line into multiple short-range segments, denoted as S;, where
instead of direct communication from the sender (Alice) to a receiver (Bob), quantum
information is relayed through intermediary nodes IN; along these segments.

@ Let's assume there are (n 4 1) segments, where {.S1, S, Sn41}}_, are directly controlled by
A — Ny, {Ny—1 — Ni}}_5, and N,, — B parties, respectively.

@ Question: If individual segments S; share some arbitrary state p;, what is the optimal
fidelity achievable between the end-to-end parties (AB)?
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Upper bound on Optimal Teleportation Fidelity under LOCC

@ While general studies are quite nontrivial, for particular two-qubit noises in the given
repeater scenario, the upper bound of optimal fidelity can be expressed as follows:

Fip <min{Fs, Fc}.

@ The bound Fs = min;{ F*(p;)} arises from F'* being an entanglement measure, where
F*(p;) denotes the OFEF of the state p;. Meanwhile, the Fo = (1 + I171/'C;) /2 where C;
is the concurrence of the state p;.

@ When a single segment hosts a fixed noisy state p; with F*(p1) < F*(p;) for i € [2,4] , the
end-to-end OFEF becomes F; , < F*(p).
@ The upper bound can always be trivially achieved by the E-SWAP protocol utilizing maximal

resources (Bell states) in all other segments and Bell measurement at every node but it is
not always necessary.
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Optimal teleportation fidelity using non-maximal resurces

@ Proposition: Consider the free segments {S,;}?:Jr;, where S; shares the state

[vi) = {\/au, V1 — o} with oy > 1/2, Vi. It is always possible to find noisy states
p(p,0) = pP + (1 — p)((9) shared in the first segment Sy, with non-vanishing region of
{p, 6}, such that F’5 5 = F* [p(p,d)] can be achieved between the sender and receiver.

e Sufficient Protocol: This n-node scenario can be reduced to a three-node scenario
through a series of RPBES ° measurements on nodes {NN;}"_, having two segments S; and

L4 y/1- (T2 ewn)’

Sz with pg, = p(p,d) and pg, = { V o, V Il = a%} with O‘;L b

Now as previously we can do two-qubit non-maximally entangled measurements we can
establish F} 5 = F*(p(p,9)).
@ To look at full expressions for the bound on state parameters, go to Appendix.

9G. Gour and B. C. Sanders, PRL 93, 260501 (2004)
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Resource consumption in the proposed LOCC protocol

o If all the segments {S;}!"%' share the same non-maximally entangled state, i.e., a; = o for
all i € [2,n 4+ 1] then C(¥,,) = C", where C = 2 /(1 — a). We have

1+\/1—CQ”< p*

2 p*+ (1 —p)?6(1 =4)

@ We define a quantity saved resourcen:
R, =n(1-0).

@ One-ebit resource (a maximally entangled state with concurrence C = 1) is required per node
in the E-SWAP protocol. Our proposed protocol, which utilizes a non-maximally entangled
state with concurrence C < 1, will suffice to satisfy the condition F'; 5 = F*(p(p,d)).

@ Thus, R, quantifies how much less resource is consumed in our proposed protocol compared
to the E-SWAP protocol to achieve optimal fidelity in an n-node repeater scenario.
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Saved Resource

(a) p=0.8 (b) n=10
2! 0=0.9

3.75}
R, [ §=0.5 R, 25
0.5/ 1.25}

0 250 500 750 1000 0.3 0.475 0.65 0.825 1
n p

Figure 1: (a) Variance in resource consumption with the number of nodes n.(b)Variance in resource
consumption with the noise parameter p. For each case 8 = %
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Effect of the position of noisy node on Resource Consumption

99 nodes
2,
1.75}
R, 1.5/ 0=0.9
1.25¢-
el el 6=05 E=

Figure 2: Variance in resource consumption with the position of the noisy node m for the given number
of nodes n = 99 and the noise parameter p = 0.8. This figure is generated for two different values of
Schmidt coefficient § of the entangled state in p(p, d). For each case g = %
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@ To get a more intuitive picture of the exact meaning of the quantity R, we first consider a
three-node scenario where state in noisy segment is pan, = p(p,d) and state pn, g = x in
free segment is noisy but entangled instead of pure.

@ Multiple copies of this entangled resource y can be used to improve the communication
channel.

@ A traditional approach involves distilling x into maximally entangled states |¢™).
@ We consider y = F/|U~) (U~ | + @(]\Iﬁ) (UF] + |®T) (T | + |®7) <<I>_|> as a
Werner state and use the hashing protocol*C.

@ Remember our protocol suggests that a non-maximally entangled state
|Y¥) = /a|00) + /1 — a|11) can sufficiently establish the same average teleportation
fidelity as that of a maximally entangled state in E-SWAP.

@ Thus, achieving optimal teleportation fidelity may be more efficient by distilling a specific
non-maximally entangled state |¢/) instead of a maximally entangled state:

007 = (167 ()™ o (1) ) .

10 . Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K., Phys. Rev. A 54, 3824 (1996)
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Figure 3: Noise vs. Copies : This figure illustrates how the number of Werner states required as
resources in the free segment decreases as the noise in the noisy segment increases for fixed value of

F = 0.8161. Unlike in traditional entanglement swapping protocols, where the number of required copies
remains independent of noise, our protocol shows that higher noise in the noisy segment allows for a
reduction in the number of copies needed in the free segment to achieve the same level of teleportation
fidelity.
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From the above figure, we can intuitively understand how noise in the free segments reduces
the number of required copies.

It is noteworthy that the conventional E-SWAP protocol does not have this flexibility and
remains independent of noise.

Detailed calculations can be found in Appendix.

Furthermore, suppose we have n free segments in a linear network with all free segments
sharing the same non-maximally entangled state with a Schmidt coefficient a.

If we aim to distill this state in each free segment from an entangled resource , the number
of copies of x required in the n node setup in term of saved resource R, is given by Fig. (4)
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Resource saved in free segment, R,

Figure 4: Resource Saved vs. Number of Copies : This figure illustrates how the number of Werner
states required as resources in the free segment decreases due to noise. Consequently, the amount of
resource saved, R,, in terms of entanglement, increases in the free segment. The total number of
segments considered here is 10. This plot provides a more clear understanding of the nature of the
resource savings achieved.
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Meaning of the saved resource

@ This Figure is also plotted for a fixed fidelity value F = 0.8161.

@ It clearly illustrates the inverse proportionality between the number of required copies and
the saved resource in our protocol.

@ As we understand, the number of required copies per segment decreases due to noise,
leading to a reduction in the total resource required compared to the ESWAP protocol.

@ Consequently, an amount of resource equal to (1 — C'(«)) is saved at each free segment,
and the total saved resource over n free segments is given by

R, =n(1 - C(a)).
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Noise analysis

@ We also considered the scenarios where the state in the free segment is noisy but only a
single copy of it is available.

@ We considered two types of noises:
o Photon-Loss Noise

x = (1—q) [®F) (TF| +¢q00)(00].
o White noise
I
X=Q1-q)|o") (27| + 5.

@ To quantify the effect of noise, we focus on the percentage change in fidelity.

@ We plot this quantity with both the percentage increase in the noise injected in the free
segment and the noise parameter of the state in the noisy segment.
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White Noise

0 2 4 6 8 10 0 2 4 6 8 10

Percentage increase in white noise in free segment, q% Percentage increase in white noise in free segment, q%

(a) (b)

Figure 5
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FraEpnoisy E y
AB—AB_ % 100, as a function of the noise
AB

parameter p in the shared state within the noisy segment and the noise parameter ¢ induced
in the free segment. Notably, as p increases, the percentage change in fidelity decreases.
Additionally, even for sufficiently high values of ¢, the change in fidelity remains relatively
low.

@ (@) Percentage change in fidelity, F'% =

P FME_ pNME j , :
Percentage change in fidelity, F'% = —ABét = x 100, when white noise (q) is added to the
AB

maximally entangled state compared to the non-maximally entangled state in the free
segment, along with an increase in the noise parameter (p) of the state in the noisy
segment. Similar phenomena are observed in the earlier plot. Both plots suggest that the
noise in the noisy segment and the noise injected in the free segment are not arbitrary but
are interrelated. Depending on the permissible tolerance for the fidelity change, a trade-off
exists between these two noise parameters.
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Photon-Loss Noise

0 2 10 0 2

Percentage increase in photon loss noise in free segment, q% Percentage increase in photon loss noise in free segment, q%
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Figure 6
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notsy
7FAB

. F*
@ (@) Percentage change in fidelity F'% = —AL
AB
parameter p of the state in the noisy segment and percentage increase of photon loss noise
in the free segment.

x 100 with an increase in the noise

N FME_pNME i
@ (b) Percentage change in fidelity F% = —AB—mr#2— % 100 when photon loss noise is
AB

added to the maximally entangled state as compared to the case when the same amount of
photon loss noise is added to the non-maximally entangled state in the free segment along
with an increase in the noise parameter p of the state in the noisy segment. Again, both of
these plots indicate that the amount of noise in the noisy segment and the amount of noise
present in the free segment depend on each other. Depending on the amount of change in
the value of fidelity defined as permissible, there exists a trade-off between these two. Also
comparing it with the previous Figure we observe that fidelity is more robust under white
noise injection as compared to the photon loss noise.
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@ We can consider a scenario where instead of a projective measurement in the computational
basis we can have a POVM given as

o) (To| = (1 —n) |0) (0] + n [1) (1] (1)
) (Th| = (1 =n) 1) (1] + 7 [0) (O] (2)

@ The free segment can still have either Photon-Loss noise or White Noise.

@ However for plotting purposes the noise in the noisy segment has been fixed to a certain
value.
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Noisy Measurement

Percentage increase in white noise in free segment, q%
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i : * _ [noisy
@ (a) Percentage change in fidelity F% = FABF;AC

B
percentage of noise in the measurement and percentage of white noise added in the free
segment. The noise parameter of the state in the noisy segment p is taken to be 0.8.

* noisy
FAB 7FAC
F*

@ (b) Percentage change in fidelity F% = i
percentage of noise in the measurement and percentage of colored noise added in the free
segment. Again, the noise parameter p of the state in the noisy segment is 0.8. From both
of these plots, we can infer that the noise in the measurement and the noise in the free
segment constitute an interplay between them for a given amount of tolerance on the
change in fidelity from the optimal value. This feature will be present for any allowed value
of the noise parameter p in the noisy segment.

x 100 with an increase in the

x 100 with an increase in the
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Plan of the talk

@ Summary

Sibasish Ghosh (IMSC) Repeater-based optimal quantum teleportation in noi March 29, 2025



@ We study entanglement distribution over a linear network. This is because entanglement is a
necessary resource for quantum coummunication.

@ There are no unique measures of entanglement for mixed states. Due to its operational
nature, we focused on maximizing teleportation fidelity between two end nodes.

@ What we found is that the distribution of optimal teleportation channel is not trivial.

@ However, we found that in a three-node scenario, it is sufficient that at least one of the
extreme node performs a trivial operation.

@ For a three-node scenario, we propose some possible upper bounds on the optimal
teleportation fidelity (OTF), which are independent of each other.

@ We explore the complexity beyond the three-node scenario.
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@ We then studied a n-node repeater scenario.

@ We show that with less entanglement in free segments, we can establish the same
teleportation fidelity as that could have been established with maximally entangled states.

@ We then analyzed how this saved resource with parameters of states, number of nodes, and
position of the noise in the linear repeater network.

@ We also did a noise analysis which tracks the change in fidelity in the presence of noise in
the free segments instead of pure states.

Sibasish Ghosh (IMSC) Repeater-based optimal quantum teleportation in noi March 29, 2025



@ We can explore this problem for different network structures.

@ We can study the distribution of teleportation channels while dealing with
infinite-dimensional quantum systems.

@ We can look for other operational measures of entanglement which can be distributed across
the network with fewer resources.
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- THE END -

Thank you for your attention
Contact:
sibasish@imsc.res.in



APPENDIX



Standard Teleportation protocol

e An arbitrary two-qubit state p has a general form

3
1
pap =7 [I81+Ro@I+I®S.0+ Z Tijoi ® 0
ij=1
e Quantum advantage : Under local unitary manipulation, pap is useful for QT iff F,,, > %

e Standard protocol:

paB — pap (local unitary transformation)

3
1
where pap = 1 I[®]I—i-r.a®]1—H[®S-‘7+Ztiigi®0i
i=1
such that F,,, = <fﬁAB>



Maximal Fidelity value

e For any of transformed state pap — pap, the maximal fidelity value can be computed as

1 3t :
Foap = B 1+ ZZ§|”|] if tiitostzz <0
1 e (| Lol — |t
-1 [1+ max;zjti—1 (] zz3| + [tj5] — | kk|)} B > 0

e Any pap with det[T(pap)] < 0 is always useful for QT under standard protocol.
e However,converse of this statement is not always true in general.

e The necessary and sufficient condition for usefulness of p4p under standard protocol is
3
>ie Itul > 1.



Canonical form of two-qubit states under SLOCC

@ The operation (A ® I) transforms Hilbert-Schmidt basis of p4p as !

3
(A®T) pap (ATR1I) = Z Ruy Ao, AT ®a,, where R, =Tr[pap (0, ® 0,)]

p,v=0
3 3
=Y Ruw Y Loyoa®0, where L, €R,
n,v=0 a=0

@ Hence, if R(paB) = (Ruw) represents pap, then (A ®I) transforms R as
R(oap) = La R(pap)LY, where Ly € orthochronous proper Lorentz group (OPLG)

that is SO(3,1).

@ OPLG: A set of 4 x 4 real matrix
{L|det(L) =1, Lop >0, LT G L =G = diag{1,-1,—1,-1}}

11F Verstraete and H. Verschelde, Phys. Rev. Lett. 90, 097901 (2003), F. Verstraete, J. Dehaene, and B. DeMoor, Phys. Rev. A 64, 010101(R)

(2001).



Canonical form of two-qubit states under SLOCC

@ Question: Given a two-qubit state pap, how to obtain its canonical representation?

Answer: If R(p) is the representation of p4p, then evaluate the eigenvalues and
eigenvectors of the matrix: M, = G R(p) G R(p)T 12

@ Suppose M), has four non-degenerate eigenvalues, \g > A1 > Ay > As.
o If Ly € OPLG transforms R(p) to its canonical form then
M, a, =X, a,, st ag =G, and LE =(ap a1 a2 as)

@ One of the canonical representation (full rank) of pap:

ARI) p (AT®1) el by /
PCABZ( ®)p( @ []L; Z 0'7,®0"L 03®03

12Sudha et al., Phys. Rev. A 102, 052419 (2020).




How to implement optimal LOCC ?

@ In general it is difficult to answer what is optimal implementation.

@ Even a finite n—round LOCC on a bipartite system is a strict subset of LOCC i.e.,
LOCCy Cc LOCC.

@ Any LOCC can be expressed as a Separable operation (SEP), converse is not true in general
because LOCC C SEP.

@ SEP has a simple operator structure and therefore one can say

FZ = ) T A ()
sep(pAB,,0B,C) \¢§2%4XESA215&§P< ac|Trp (A(nas, B.c)) [ ®ac)

= max max <®AC| Trp <Z(mz Rn; Oi) NAB;B>C (mz Rn; Oi)T> |(I)AC>

[®) {mi,ni,04 2

= max max 3 (Do (UL ® Vct) (Z(mZ ®o;) Trp ((]I ® njnl ®1) nABleC> (m; ® oi)T>

Ua, Vo {mi, ni, o;

?

(Ua ® Vi) |®o)



= max (@] (mi @) Trp (@ nln: @ 1) nap,pac ) (mi @ 0)1) [ @o)

{mi, ni, 0s

= ®o| (o m; ®1T) xac(N;) (m] of @1)|®o), where Nz‘:n;fni,
a3 (@l (of mi ©1) Xac(N) (mf of ©1) o)

%

= max (@ol (21: (m; ®I) Yac(N;) (m] ®H)> |®o)

= max Tr (Z (mi @T) Xac(N:) (m! ®@1) P%)

= mnax Tr (Xac(Ni) Xm;) = Fiocc(paB,,0B,0)-

Click here to go back.



The optimization problem under SEP

@ For any given states pap, and op,c, one can propose an optimization problem under
three-party SEP operation to obtain F§,p(paB,,0B,c) as follows:

K
[max ;< Xao(Ni), Xim, )
K K
s.t. ZMz = m;‘fmi = Iy, ZNi = n;fn, =1Ip
=1 i=1
N; >0, M; >0 W)
K
> Xac(Ni) = Trp(pas, ® 0B,0), Xac(Ni) >0 VN,
o

X, = (m! @ 1y) |®o) (Bo| (ms @ Tg) >0 Vi



@ The given problem has two independent variables N; and M;.

@ Now let us first choose any set of {m;} which fixes the set of unnormalized projectors
{Xm,} and for simplicity, let us denoted every X,,, = X;.

@ We now have to solve a convex optimization problem over the set of variables {x.ac(N;)}.
For simplicity, let us denote {xac(N;) = X:} as a convex set of KX POVM elements. Now

define .
X=Px, v=FPx
=1

and let ® be a linear mapping defined as ®(Y') = >, X; = Trg(paB, ® 0B,c). Now the
following convex optimization problem can be proposed as

(1) Gx(paB,,0B,c) = Hl)E/%XT’I” [X Y]

K
st. ®(Y) = Zf(z =nac =Tre(pap, ® oB,c)

=1

and Y >0



@ After solving this convex optimization problem one can come up with a set of optimal
feasible solution, say Y*(X) = {x*;(X;)} that explicitly depends on the set X = {X,}.

@ Now to evaluate F§pp(paB,,oB,c) one needs to solve another optimization problem,
@

.. F* ! - a G 7
(i) SEP(PA31 UB2C) XLH@XX X(PABl UBzC)

st. Ip>X;>0, rank(X;)=1 Vi

@ Notice that the problem (i) is a convex optimization problem (i7) is not as the individual X;
is only restricted to rank one POVM. Hence, the constraint of (i:) is not convex.



Dual problem

@ As per (i), one can construct the Lagrangian as

K
Lx = ZT?‘ [Xz )NQ] +Tr|=
=1

K
+ZTT[51 X » (3)

where E and {Z;} are positive Hermitian operators and known as the Lagrange multipliers.

@ The dual objective function Hx (pap,,oB,c) of the primal objective Gx(pap,,oB,c) can
be expressed as

Hx(paB,,0B,c) = YIE?;} Lx

> Gx(paB,, 0ByC)



@ The dual optimization problem can be proposed as

(iii) Hx(paB,,0B,c) =min Tr[E nac|

mi

st. X; <=2 and =>0 Vi

@ As already discussed (i) is convex and the objective function is linear in Y. So without any
loss of generality if we choose

N 71AC
6297 E=MI,

where M > 1 then we can always conclude that Slater’'s condition
of the choice of X which renders

13 is satisfied irrespective

Hx(paB,,0B,c) = Gx(paB,,0B,C)

Click here to go back.

13g, Boyd and L. Vandenberghe, Convex optimization (Cam- bridge university press, 2004).



Conditions for achieving optimal teleportation fidelity

@ The conditions on all these state parameters for achieving optimal teleportation fidelity are

given as
1 1 4p? 1 p?
<=, = — e —

O<p_3, 2<1+ 1 (1_p)2><5<1, 2_a<p2+(1—p)25(1—5)’
1 P*(1-a)
<
2_ﬁ_p2(1—a)+(1—p)2a6(1—5)’

or,

1< <1 1<5<1 1<a< P’

3PS5 5=0%% 929 01— p)2d -0
1 1-a
Lo p( )2 .
2 P2(1 — a) + (1 — p)2ad(1 — 6)

@ Click here to go back.



Four party scenario

@ Let us consider a four-party network i.e., N = 4 and they initially share a four party state

P1234 = p12 @ P23 & P34

@ Suppose, all the parties perform an operation A which prepares a bipartite state between A;
and Ay.

@ Fully entangled fraction under A operation is
Fana = T?(%X (@ A(p1234) | D)
K 4 L
= max (@] Tros <®K ) P1234 (® Kim> |©)
i=1

= max (@] (K7 @ KT') x1a(M3", M{") (KT ® K*)'|®)



o My = (K%)Jr K3 is the K —outcome two-qudit POVM acting on A3 and A3 and also
note that x14(M3", MJ") is a bipartite state that can be written as

X14(M35", M3Y) = Traz [(I1a ® M3® @ M3"™) p1234] ,

where My 3 € £(C4 ® CY).
@ Thus one can conclude that the optimal fully entangled fraction under SEP operation,
Fippiy can be expressed as

K

max (@ (KT ® 1) x14(Ma, M3) (K™ @ 1)1 |®o)
(K Mg Mp} mz::l p j

K
= max Tr [x1a(M3*, M3*) X(KTY)],
e, M Mgn}n; [ 2 » M3 )]



@ Now let us define two operators,

K K
Y = @ xaa(M, M3?), X = P X(KD).
m=1

m=1

@ Similar as N = 3, one can propose an optimization problem for N = 4 as

max 17 [V X]
K K
st Y M= M =l4uq
m=1 m=1

K
> xaa(Mg, M") = Tras [(Tig ® Ty ® MJ") prosa]

n=1

K
> x1a(My", ME) = Trog [(T1s ® M5 ® I3) prasd]
p=1

x1a(M3*, M) >0  Vm
X(K") >0, rank[X(K{")]=1 VYm



@ Notice from the above optimization problem that the objective function is not linear in
terms of both the variables AM3" and M3

@ However, for given choice of MJ" the objective function becomes linear with respect to M3"
and vice versa.

@ The last constraint is not convex, hence the optimization is not a convex optimization and it
has an increasing complexity in comparison with N = 3.

@ Click here to go back.



Bounds on the state parameters for achieving OTF

@ For simplicity we implement Bell measurement(8 = %) The bounds on the state parameters

are given as
1 p? 1 p°
0O<p<=, ~[1441- §<1, =-<ai< )
SPEy 2( * (1—p)2>< Sh g SR )Ps(1 = 6)
or,
Lepecr, Lasen, tow< P
g SPS5H 93055 9= 0 P2 -o)
@ From the third inequality, we have
n+1 :
1+ 1_<Hi:2 C(d’i)) »?
< .
2 ~ p2+ (1 —p)26(1 —9)

@ Click here to go back.



@ To get a more intuitive picture of the exact meaning of the quantity R, we consider the
scenarios where free segments have noisy states x shared instead of pure non-maximally
entangled states.

@ In the free segment, multiple copies of the entangled resource x can be used to improve the
communication channel.

A traditional approach involves distilling x into maximally entangled states |¢™).

@ However, achieving optimal teleportation fidelity may be more efficient by distilling a specific
non-maximally entangled state |¢)) instead of a maximally entangled state:

0% = (|1 (1) Z* & (lv) @) .

@ Here, the first transformation, which distills maximally entangled states from Yy, is not
necessarily reversible for general states , even in the asymptotic limit 14.

@ On the other hand, the second transformation, converting maximally entangled states to
non-maximally entangled states, is reversible in the asymptotic limit °.

14 Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, Rev. Mod. Phys. 81, 865 (2009)
15C H. Bennett, H. J. Bernstein, S. Popescu, and B. Schumacher, Phys. Rev. A 53, 2046 (1996)



@ For our analysis, we consider
X =F |0y (| + (1;3”(|\11+> (U] 4 [@F) (@] + @) <<1>—|) as a Werner state

o Distillation rate to get maximally entangled state ®* from it is given as
Dg+(x) =1+ Flogy(F) + (1 — F)log, (55) using the hashing protocol®.

o If we follow the traditional protocol to establish optimal teleportation by distilling maximally
entangled states in the free segment then the number of copies of x required in the process
is given by ﬁ, which does not depend on the noisy state

¢

p(p,d8) =p|01) (01| 4+ (1 — p) |C(6)) (C(J)] in the noisy segment.

@ However, our protocol suggests that a non-maximally entangled state
|) = +/a]00) + /1 — «|11) can sufficiently establish the same average teleportation
fidelity with the noisy state p(p, d). The distillation rate of a non-maximally entangled state
is given by:

_ Dg+ (x)

200 =5y

16 H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K., Phys. Rev. A 54, 3824 (1996)



For a non-maximally entangled state [¢), the von Neumann entropy S(py) < 1, which
implies that Dy (x) > Dy+(x)-
Therefore, in the asymptotic limit, preparing one copy of |¢)) requires m copies of Yy,
which is fewer than the +1(x) copies needed to prepare a maximally entangled state.

¢

More precisely

2 2
2 . 4p -2 (p—1)
1 S(py) 4p” logy (5p2,2p+1) +(p — 1)%logg <75p272p+1>

Dy(x) Dy+(x)  (5p% —2p+1) (—Flogs(1 — F) + logy (= 2(F = 1)) + Flog, (3F)) j

Furthermore, suppose we have n free segments in a linear network with all free segments
sharing the same non-maximally entangled state with a Schmidt coefficient a.

If we aim to distill this state in each free segment from an entangled resource x, which in
this section is taken to be a Werner state, the number of copies of x required in the n node
setup in term of saved resource R, is given by

14y/1-(1—Bu)2 . 1y /1-(—fuy2 11— Bv)2
n  nS(py) _ L 2 082 2 = 2

logy

11— Bvy2
)

Dy() ~ Dyt () (1+ Floga(F) + (1 — F)logy (152) )

Click here to go back.
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