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Complementarity is a conceptual aspect of
quantum mechanics that Niels Bohr regarded as
an essential feature of the theory. The
complementarity principle holds that
experimental arrangements enabling
unambiguous determination of certain physical
properties are mutually exclusive.



Naive idea of complementarity:

Two ideal observables E; and E, are complementary when one of them
is property of the system, then the other cannot be. Mathematically:

pit (X) = Tr[TE,(X)] = 1
p‘? (Y) = Tr[TE,(Y)] < 1

for all X and Y and density matrixT and E{(X),E,(X) # 0,1

Example:

a) Wave-particle property in double slit experiment.

b) Position and momentum of a particle.
(WY|EqX)|¥h) =1 = WIE(V)|9h) <1

c) Spin property along different directions.

p(o,=1|Y) =1 =p(o, = £1[§) <1



Joint Measurement:

Two observable E{(X) and E,(Y) are jointly measurable if there
exist a POVM M (X X Y) on R? such that

E,(X)= M (X xXR)

-all X and ¥
EZ(X)=M(ny)}fma -

Measurement-theoretical characterisation of complementarity:

Two observables E; and E, are complementary if and only if their
associated measurement arrangement (Instrument) are mutually exclusive.

Mathematically:
IF1(X) A IB2(Y) = 0

= E,(X)ANE,(¥Y)=0

Position (Q) and Momentum (P).

(EqX)AEp(¥)=0

Eo(R/X)AEp(Y) =0
\EQ(X) AEp(R/Y) =0 )




Possibility of joint measurement of position and momentum by introducing
unsharp counterpart (POVM):

E7(X) = f f(xX) Eo(x +X)dx, f(x)=0, f fdx =1

ES(Y) = ff(y) Er(y+Vdy, g =0, fgdy -1

Var (Ef,tp) =Var (Eg,¥) + Var(f)

Var(E3, @) =Var (Ep,¥) + Var(g)

Choose the following POVM:
E(XXY) = qupld))((I)lUZpdpdq where U, = ei(®Q —aP)

XxY
E(X xR) = Ez(X), E(RxY) = E%(Y)
Choose f= |p|1* g= |9|?

Var(f)Var(g) = %2

h
[AQAP = 5 ]

AQ and AP being error in position and momentum measurement respectively.




Come to Spin System:

Spin State:
PN Y| = % [I + m.o],m being an unit vector.

Spin Observable:
) 10) ;il) 6,= n.c=(+1) P,+, + (—1)P,

P l[I + n.o|, nisaunit vector

Born probability Rule: 1

p(o, = +119) = Tr |[p)WIP;| =5 (1 + n.m)
Perfect spin measurement along different directions are complementary as
P, AP, =0,V n, #n,

nz

Unsharp Soin obsevable:
1
0.:(2) = ES(4) = {— [I+Aanocla=+1 0<4< 1}

1+4 1
3

[I+n a]+1—’1 —[I+na]

E(2) = >

Eq(A)=AP5+ (1 - /1)% l A being the degree of unsharpness.




Condition for joint spin measurement:

{a,,‘. (A) }:‘=1 is jointly measurable if there exists a

POVM: G = {Il; = 0,3; ; = I} such that

-

E, (A) = Z Mn; Vranda, |
aj/a,

a=[aja;---a;] =€ [+1,—1]*

Condition of joint measurement of unsharp spino, () and o,,(1)
along two arbitrarv directions:

Four outcome POVM: {IT1. ., I1, , IT_,, II__} such that
E;(l) = i+ I, _, Et-l(l) = I, + II__

E:;,(A) = M4 + T, Er_n(a-) = 4 + II__
=>
A(ln +m |+ In —m|) = 2
Max(ln +m|+ In—m |) = 2V2
o~ 1 "~

[Rape=r ]
(P. Busch, 1986 and M. Banik et al, 2013)




For a set observables Degree of complementarity is
captured by the value of 4

o,

X

Spin observable along x and y directions are compatible as long as

As\/—lizlopt

z

Spin observable along x, y and z directions are compatible as long as

RIS W

V3



A New paradigm regarding complementarity:
(Possibility of reducing complementarity by increasing copies)

/666 - i\

. p(! 1) p(—1)

@it
’

kl Gk k2] pla,.az ...ay) > -

“\\a p(+1) p(—1)
\ S . =5

The set of spin observables (01,02, ...0,) is said to be k-copy jointly
measurable if there exists a POVM:

;€ £(((€)®9)|nz 2 0,a € {+, )
G =+ -
and Z IL; = I®K
\ a /
On k copies of the system, such that for all states P
Tr [ pmE] (N)| = Tz, TripS* ;]
and forall j € {1,2 ... n}. (Carmeli et al, 2016)




{Gx (4),0,(2),0,(2)}

X "Iﬁllalﬂ Z, |Z|

p(i,j, k) p(+1)  p(-1)

31

S|

6=(lye (@0l 20) 0l =19 Ge [+,

Trlp,Es(W)] = ) Tr[] p,®%) vp, and EX(A),a = x,y,z
a/a,
Tr[p,,E+] = TT[(“I.T_,._*. & “I-T+— * "n gl “I—T——)pn®2]
“TT

= 25 [41®’ +V3(i{{x, 0} +j{v, B} + k{{Z,1}}) +ij{{x,¥}} +jk{{Y,Z}} + ki{{Z, x}
Where{{4,B}}=A®B+B®A

(As@a/% >\/—1§—j




Anti-parallel case:

e Y
Z X l p(+1) p-1)
» 'Iirl"lﬂ —=. 1N Z
p(i,j, k) p(+1) pe-1) l
0 p(+1) pc1)

urable on antiparallel spin pairs for all A € [0,1].
(Patra et al, 2025)

[Theorem 1. The observables X*,Y?, and Z? are jointly meas- ]

Ik — %(21@2 +i|[x, 1] +j|lv,N] + k[[z 1]
—ij{{x,v}} — jk{{y, z}} — ki{{z, x}})
where [[U,V]]=UQV -V XxU

V3
= )’LTpt = T

AL =1 ey A2

opt opt
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We establish a No-Comparison Theorem showing that the
relative complementarity of two sets of observables can be
reversed simply by changing the configuration in which the
systems are prepared. This foundational insight, on the
practical front, compels a fundamental rethinking of

quantum information protocols under (finite-resource
constraints.

Convention:

Fnﬁller the value of A for a set of observables, more is the
complementarity of the set.
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Conclusions:

v we explore a pivotal, yet overlooked, question: How does the quantum limitation of joint
measurability vary when multiple copies of a quantum system are available? How does it
depend on the configuration of the finite state ensemble?

v We demonstrate that the landscape of complementarity undergoes a radical shift in this
multi-copy regime. The very ordering of sets of observables in terms of their degree of
complementarity, once thought to be an intrinsic property of the observables
themselves, becomes profoundly configuration-dependent.

v The observed configuration dependence of quantum complementarity originates from
entanglement induced in the measurement interaction, rather than from entanglement
among the states themselves, underscoring the active role of measurement dynamics in
determining quantum incompatibility.

v' This foundational insight, on the practical front, compels a fundamental rethinking of
quantum information protocols under finite-resource constraints.



