
Assignment I
Topic: Number Theory

1. Let {ni}ki=1 be a pairwise relatively prime family of positive integers. Let a1, . . . , ak
and b1, . . . , bk be integers and set di := gcd(ai, ni) for i = 1, . . . , k. Show that there
exists integer z such that aiz ≡ bi mod ni for i = 1, . . . , k if and only if di|bi for
i = 1, . . . , k

2. For each prime p, let νp is a function that maps an integer n to a non-negative integer
e such that n = pem such that p does not dividem. Let p1, . . . , pr be distinct primes,
a1, . . . , ar arbitrary integers and e1, . . . , er be arbitrary non-negative integers. Show
that there exists an integer a such that νpi(a− ai) = ei for i = 1, . . . , r.

3. Suppose n1 and n2 are positive integers and d = gcd(n1, n2). Let a1, a2 be arbitrary
integers. Show that there exists an integer a such that a ≡ a1 mod n1 and a ≡ a2
mod n2 if and only if a1 ≡ a2 mod d.

4. Let p be an odd prime. Prove that
∑︁
β∈Z∗

p

β−1 =
∑︁
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p

β = 0

5. Let p be an odd prime. Show that the numerator of
p−1∑︁
i=1

1/i is divisible by p

6. Show that if n is divisible by r distinct odd primes, then 2r divides ϕ(n)

7. Let ϕ2(n) defined to be the number of integers a ∈ {0, 1, . . . , n − 1} such that
gcd(a, n) = gcd(a + 1, n) = 1. Show that if n = pe11 pe22 . . . , perr , then ϕ2(n) =

n
r∏︁

i=1

(1− 2/pi)

8. Show that for every positive integer n and for every α ∈ Zn, α
n = αn−ϕ(n).

9. Prove that for all primes p and integers a, we have (a+1)p ≡ ap +1 mod p. Using
this result, prove the Fermat’s little theorem.

10. If N = pq and ed = 1 mod ϕ(N), then show that for all x ∈ ZN , (x
e)d = x mod N
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