Assignment 1
Topic: Number Theory

10.

. Let {n;}%_, be a pairwise relatively prime family of positive integers. Let ay, ..., as
and by, ..., by be integers and set d; := ged(a;,n;) for i = 1,... k. Show that there
exists integer z such that a;z = b; mod n; for ¢ = 1,...,k if and only if d;|b; for
i=1... .k

. For each prime p, let v, is a function that maps an integer n to a non-negative integer

e such that n = p®m such that p does not divide m. Let pq, ..., p, be distinct primes,
ai,...,a, arbitrary integers and ey, ..., e, be arbitrary non-negative integers. Show
that there exists an integer a such that v, (a —a;) =¢; fori=1,...,r.

Suppose n; and ny are positive integers and d = ged(nq, ng). Let aq,ay be arbitrary
integers. Show that there exists an integer a such that a = a; mod n; and a = as
mod nsy if and only if a; = as mod d.

Let p be an odd prime. Prove that > g7'= Y =0

BEZ, BEZ;,

p—1

. Let p be an odd prime. Show that the numerator of ) 1/i is divisible by p

i=1
Show that if n is divisible by r distinct odd primes, then 2" divides ¢(n)

Let ¢o(n) defined to be the number of integers a € {0,1,...,n — 1} such that
ged(a,n) = ged(a + 1,n) = 1. Show that if n = p{'p5?...,pcr, then ¢o(n) =

n 1;[1(1 —2/pi)

Show that for every positive integer n and for every o € Z,,, o™ = o~ ¢,

. Prove that for all primes p and integers a, we have (a + 1)? = a? +1 mod p. Using

this result, prove the Fermat’s little theorem.

If N =pgand ed =1 mod ¢(N), then show that for all z € Zy, (2°)? =2 mod N



